Slender anti-air missiles experience longitudinal bending in supersonic flight and yet their autopilots are designed under the rigid-body assumption. Such autopilot design employs notch filters to remove the modal frequencies of the elastic airframe but this approach limits the autopilot bandwidth. In this paper, aeroservoelastic modelling and control of the ASTER 30 missile is proposed to enable autopilot design with extended bandwidth.
Introduction
This work is motivated by the need to improve flight control performance of agile missiles in the context of modern air defence systems. Bending effects for fast, slender anti-air missiles are pronounced and may be misinterpreted by on-board sensors as deviations from the rigid-body trajectory and lead to parasitic actuation, wasting energy and affecting stability. Autopilots for such missiles are designed under the rigid-body assumptions despite longitudinal bending of the missile airframe. In the corresponding missile autopilot design, notch filters are used to remove the modal frequencies of the elastic airframe but this approach limits the autopilot bandwidth and does not counter the airframe deformation. An alternative approach, not much exploited in the missile context, is to use active vibration damping which: 1) minimises the airframe deformation, 2)
Corresponding author Email address: r.w.zbikowski@cranfield.ac.uk (RafałŻbikowski) extends the autopilot bandwidth, and 3) allows designing less stiff (and thus lighter) airframes [1] . A starting point for this alternative approach is the development of a tractable aeroservoelastic model of the missile to serve two purposes: 1) to capture the dominant effects of longitudinal bending vibrations, and 2) to design active damping of these vibrations in order to dispense with the notch filter and extend the autopilot bandwidth.
Literature on flexible missile modelling is limited and includes the case of a spinning aiframe [2] . In [3] , continuing the work of [2] , a basic aeroelastic model was proposed for a spinning missile represented by three rigid bodies linked with massless beams. The bending mode frequencies were within 5% the real frequencies but the mode shapes were rather inaccurate making this approach unattractive for sensor placement. A more complex model was investigated in [4] by considering continuous bending and torsion but the complexity of this model makes it impractical for sensor placement and control design. A planar model of a flexible missile was derived in [5] and considered only yaw, leading to considerable complexity because of a discrete flex-ible hinge in the middle of the body, used to express elasticity of the link between the two stages.
In this paper, a tractable aeroservoeleastic model for the ASTER 30 missile is outlined in Section 2 and then optimal actuator and sensor selection is addressed. After noting in Section 3 that adding actuators to an existing missile is not a realistic option, the focus shifts to optimal sensor placement, presented in Section 4. A combination of the existing actuators and additional (optimally-placed) sensors enables design of several active vibration damping controllers, see Section 5. Finally, conclusions are given in Section 6.
ASTER-30 aeroservoeleastic model
In this paper, the reference platform is the two-stage anti-air ASTER 30 missile which has a dart stacked on top of a booster, see Figure 2 . During the acceleration phase, the booster uses thrust vectoring and after separation, a two-actuator system called PIF PAF takes over but the focus here is on the missile flight before separation. At launch, ASTER 30 has the total mass of m D 450 kg, rotational inertia of J y D 789 kg:m 2 , the total length of L D 4:9 m and the centre of gravity (CG) position at x C G D 1:86 m; the CG position is assumed to be fixed during the unseparated phase of flight. AS-TER 30 is similar to the flared frame studied in [6] so the relevant aerodynamic data from [6] were adopted here.
An aeroservoelastic model of ASTER 30 was derived by combining three parts: 1) linearised flight dynamics for a sea-level, Mach 2 flight at trim in the vertical plane; 2) actuator (servo) dynamics which comprises thrust vectoring and aerodynamic fins, each modelled as a second-order transfer function with cut-off frequencies of 25 Hz and 50 Hz, respectively, and a damping ratio of 0:7; 3) structure dynamics. The structure dynamics were modelled by first discretising a continuous Euler-Bernoulli beam with nodal coordinates [7, Chapter 4] defined through displacements and velocities at selected structural locations (nodes). The nodal model was derived under the initial assumption, revised in Section 4, that forces were applied at all n D 100 uniformly spaced nodes and that measurements of displacements, rotation rates and linear accelerations at all these nodes were possible. Based on that nodal model, modal coordinates were introduced by considering the displacements and velocities of n 2 natural modes.
The modal model resulting from nodal discretisation of the continuous Euler-Bernoulli beam is:
containing natural modesˆand frequencies , and also expressions for nodal measurements C mz , C mv ,
Here, x is a 2.n 2/ 1 state vector and u D F D .F 1 ; : : : ; F n / is a n 1 input vector whilst y D ."; q; a z / is a .3n 2/ 1 output vector, all for n D 100 nodes. The reduced model replaces the 2.n 2/ 1 state vector x in (1)-(2) above with only ten states corresponding to the first five modes because they dominate the structure dynamics. That reduced model still has the original number of nodal inputs u and outputs y shown in (1)-(2) above. The focus of Sections 3-4 below is optimal determination of the number and location of the smallest possible set of actuators and sensors which can generate the necessary control actions and provide informative feedback measurements [8] .
Actuator placement
Since placing additional actuators on the existing missile airframe is not practical, the already-available actuators (thrust vectoring and the fins) are only considered. The position of these two actuators on the airframe are x n D 0 m and x f D 2:4 m, corresponding to nodes 1 and 50. It is assumed that the vibrations are mainly excited by lateral forces applied at these two locations. The rear location corresponds to engine thrust unsteady misalignment and the middle one is due to unsteady lift on the fins created by turbulence. The aerodynamic forces along the body are too distributed and too weak to create significant bending when compared to the rocket motor lateral thrust at the rear of the booster. Hence, the only inputs for active vibration damping are lateral forces at nodes 1, i.e. F 1 , and 50, i.e. F 50 , see Figure 2 . Thus, only columns 1 and 50 of B and D in (1)-(2) are retained resulting in the 2.n 2/ 2 matrix B and .3n 2/ 2 matrix D .
Sensor placement
The output vector y D ."; q; a z / of the state-space model (1)-(2) expresses nodal measurements for three different types of possible sensors: n 2 strain gauges expressed in ", n gyroscopes expressed in q and n accelerometers expressed in a z . Given that only the first five natural modes are needed, a much smaller number of feedback measurements is necessary for active vibration damping control. That number of sensors is computed in this section and the optimal locations for the sensors determined using the H 1 -norm approach [9, Chapter 7] . More advanced techniques, e.g. [10] , are possible but here they were neither necessary nor naturally suited for vibration damping control design.
The key idea of optimal sensor placement for linear time-invariant systems is to maximise the observability of the resulting control system [8] and hence a natural setting for this problem is maximisation of the transfer function response [9, Chapter 7] . Having chosen F 1 and F 50 in Section 3 as outputs, the corresponding transfer function is given by
and is a .3n 2/ 2 matrix with B and D obtained by retaining only columns 1 and 50 of B and D in (1)- (2). From the three standard transfer function norms in [9, Chapter 5] as maximisation criteria, the H 1 norm is chosen as the most demanding measure which is also compatible with robust control design. For any inputoutput pair, the corresponding H 1 norm is the peak of the transfer function magnitude over the bandwidth considered and also an upper bound on the output error.
The sensors will be placed considering only the first bending mode whose active damping will be the focus of Section 5. For the ASTER 30 missile, the dominant modes higher than one have natural frequencies above 50 Hz and are thus above the available actuation bandwidth. The focus on the first bending mode is also due to its light damping together with its parasitic influence on the measurements made by the missile's existing inertial sensors and the seeker. In the absence of a notch filter, the parasitic measurements of the first-mode vibrations can be misinterpreted by these sensors as rigid-body deflections from the desired intercept trajectory.
Placement indices
The actual inputs (F 1 and F 50 ) were defined by the actuators already placed on the missile airframe, see Section 3. Additional sensors for active vibration damping are yet to be placed at locations chosen from all nodes or, equivalently, from all potential outputs. The essence of optimal sensor placement is to compare responses of all input-output pairs in order to choose the actual outputs as a compromise between the response levels and physical accessibility of the chosen nodes.
Let S D fi 1 ; i 2 ; : : : ; i s g be the set of s possible (accessible) locations, chosen from n D 100 nodes. At each i 2 S , the
is calculated, where G 1i is the transfer function expressing the response level of the sensor to the first mode at i with respect to inputs F 1 and F 50 . For the strain gauges and gyroscopes
because the damping ratio of the first bending mode is only 1%, see [9, Section 7.2.2]. Here, B 1 and C i1 are the matrices for the first bending mode at node i for the sensor considered. B 1 is the first two rows of B and C i1 is the first two columns of the part of C corresponding to the type of sensor considered. For the accelerometers
because the lateral acceleration of a node is the derivative of its lateral speed. Here, B 1 and C i1 are the input and output matrix for the first bending mode with the output being the lateral speed at node i .
Strain gauges placement
A strain gauge is a surface-mounted resistor, measuring only the surface deformation so it does not register the rigid-body motions. For the ASTER 30 missile, possible (accessible) locations are: 2:2 m 6 x 6 4:4 m, corresponding to the set of nodes S 1 D f46; : : : ; 89g.
Using (9), the placement indices for strain gauges were computed for all locations for comparison with possible locations, see Figure 1 . The placement indices at locations on the booster are very low compared to those on the dart because the booster is more stiff than the dart. The best strain gauge location is node 46 at x D 2:23 m behind the fins, as shown in Figure 2 . This location corresponds to the strain anti-node of the first bending mode where the flexure is at a maximum. Similar figures are also used for the gyroscope and the accelerometer placement.
Gyroscopes placement
For a flexible missile airframe, a gyroscope registers at a node i not only the pitch rate due to the vibrations q i;f b but also the pitch rate of the rigid-body q so that
is the overall measurement. In order to isolate the vibrations pitch rate, measurements of two gyroscopes placed at different locations i and j must be made. Then, the rigid-body pitch rate can be eliminated:
For the gyroscopes, the possible locations are: 0:45 m 6 x 6 4:40 m, corresponding to the set of nodes S 2 D f10; : : : ; 92g.
The nose is a place where a gyroscope would be very sensitive to the first bending mode. In the current version of ASTER 30, there already is a gyroscope close to node 83. Another gyroscope must be placed as per (12) with two best positions being node 83 and node 10.
Accelerometer placement
Accelerometers measure the lateral acceleration due to vibrations but also the lateral acceleration of the rigidbody. At node i , an accelerometer measures:
so there are three unknowns: a z;rb;C G , P q and a z;f b;i . Hence, at least three accelerometers are needed at different locations to eliminate the acceleration of the centre of gravity 1 and the term due to pitch acceleration. For the accelerometers, the possible locations are: 0:45 m 6 x 6 4:40 m, corresponding to the set of nodes S 3 D f10; : : : ; 92g. 
Output selection
The results derived in Sections 4.2-4.4 lead to the following output selection: (i) existing gyroscope and accelerometer at node 83, (ii) additional strain gauge at node 46, (iii) additional gyroscope at node 10, (iv) additional accelerometers at nodes 10, 53 and 92, as illustrated in Figure 2. 
Aeroservoelastic model: Inputs and outputs
Based on Sections 3 and 4.5, the aeroservoelastic model has the following inputs and outputs. Reference acceleration This is a desired input resulting from the guidance demand. Control inputs These are available inputs for the guidance demand and vibration damping: the thrust vectoring orientation and fins deflection. Perturbation inputs These are unwanted inputs: sensor noise and perturbation forces. Sensor outputs These are measurements from strain gauges, gyroscopes and accelerometers. The accelerometers and gyroscopes measure both the rigid-body the flexible-body effects which can be separated, see (11)-(13). Performance outputs These are auxiliary outputs which are not measured but can be used to assess controller performance.
The corresponding Simulink diagram of the aeroservoelastic model is shown in Figure 3 .
Active vibration damping control
For ASTER 30, the natural frequency of the first bending mode is within the actuation bandwidth. The airframe deformation corresponding to that mode may be misinterpreted by the autopilot as deviation from desired rigid-body trajectory, potentially leading to instability. Instead of the standard solution employing a notch filter, the focus here is to counter bending oscillations by using active vibration damping. Three variants of closed-loop active vibration damping control are considered: 1) strain gauge feedback in Section 5.1, 2) gyroscope feedback in Section 5.2, and 3) accelerometer feedback in Section 5.3. Active vibration damping controller must generate a force that is opposite to the vibration rate of the first mode whose natural frequency is 20 Hz. The bandwidth of the thrust vectoring is about 25 Hz which is too low for such force generation and the real behaviour of the actuator so close to the cut-off frequency is not accurately modelled. On the other hand, the fins have a bandwidth of 50 Hz with the phase loss at 20 Hz of only 34 ı and the gain loss of 0:1 dB. Hence, the fin actuation is to be considered for active damping of the first bending mode, especially that the fins are located where the flexure is significant so that good controllability is assured. 
Strain feedback
An optimal placement for a strain gauge is node 46 (see Section 4.2). The corresponding transfer function from the fins deflections to the strain " 46 =ı F .s/ is:
where K " 46 ı F is the static gain.
In order to increase the damping term 1 in (14), the derivative of the strain measurement is fed back, resulting in the closed-loop transfer function
The feedback gain K " changes the damping ratio of the first mode without changing the static gain or natural frequency ! 1 . Since pure derivative feedback K " s is non-causal, a fast-pole implementation K " s=.1 C T " s/ is used with T " suitably small.
With a proportional feedback gain of 600, the damping ratio of the first bending mode is 12:5%, resulting in a gain margin of 6 dB and a phase margin of 30 ı . Figure  4 Figure 12a shows the complete feedback system with the strain feedback, the pitch rate loop and PI autopilot.
Gyroscope feedback
As discussed in Section 4.3, optimal placement of two gyroscopes can give flexure measurement:
The transfer function of the fins deflection ı F to the pitch rate difference q is
Applying proportional feedback gain K q results in the closed-loop transfer function:
A damping of 12% on the first bending mode is achieved with a feedback gain K q D 0:24. The resonance peak of the first bending mode is reduced by 20 dB is shown in Figure 5 . A diagram of the complete feedback system is shown in Figure 12b .
Accelerometer feedback
As explained in Section 4.4, three accelerometers are added at nodes 10, 53 and 92 because three uncorrelated accelerometers are needed to isolate the flexible body component. A linear combination of these three measurements can be found so that it does not depend on a z;C G and P q. Considering only the first bending mode 
Let P a z denote "c 10 a z;10 C c 53 a z;53 C c 92 a z;92 " for brevity. The transfer function of the fins deflection input to the linear combination of accelerations output P a z =ı F .s/ is:
In order to actively damp the first bending mode, integral feedback is applied with the resulting closed-loop transfer function:
The first bending mode is damped 12% with a gain K a z D 0:16. The corresponding Bode plot in Figure 6 shows vibration damping effect on the resonance peak. Finally, the complete feedback system is shown in Figure 12c . Figure 12 were tuned; for comparison a notch-filter controller (without active vibration damping) was also considered, and the results are marked "Notch", "Strain", "Gyro" and "Acc". Apkarian's H 1 -tuning for fixedstructure controllers [11] was used in the weighted form. The input to the closed-loop system is the exogenous vector w which contains all the inputs, see Figures 3  and 7 , whilst the output is the performance vector z. The diagonal matrices W in and W out are weights applied to w and z to define the requirements. The controller gains K q , K P I and P I , see Figure 12 , will be tuned in order to make the system stable while minimising such that a zC G and the thrust vectoring orientation Â T . The thrust vectoring orientation Â T is added in z to limit the use of this actuator which has a rate limit, a deflection limit and secondorder dynamics. The output weight matrix W out is diagonal with elements W err and W Â T . The empirical value of W err minimising the error at low frequencies is:
which produces the bandwidth of 5 rad/s. Finally, W Â T is chosen to avoid actuation above the cutoff frequency:
where ! T is the thrust vectoring cutoff frequency of 25Hz (157 rad/s); the coefficient 2 10 3 is empirical.
Controller K q OEs K P I OErad s=m P I OEs Notch 9:47 10 The H 1 -tuning yields parameters are summarised in Table 1 . The "Notch" controller suppresses vibrationinduced noise with the notch filter without removing the vibrations whilst the active damping controllers "Strain", "Gyro" and "Acc" suppress the vibrations directly. The tracking performance of these four closedloop controllers is illustrated by their step responses, see Figure 8 , showing that all approaches give similar results: the rise time from 10 to 90% following a step demand is between 0:214 and 0:227 seconds and the 2% settling time is between 0:400 and 0:406 seconds.
However, the active damping controllers have the advantage of reducing bending vibrations generated by the rocket engine and aerodynamic turbulence. The corresponding singular values are shown in Figure 9 where Â pert T is the noisy thrust deflection whilst a z83v and q 83v 8 Step response of Â pert T to ı F are the vibration component of acceleration and pitch rate at the location of existing ASTER 30 sensors. It can be seen that the "Notch" design does nothing to reduce vibrations whereas the other three reduce them considerably. Figure 10 , shows that after an impulse of the thrust orientation, the "Notch" results in a residual low frequency vibration whereas the other architectures damp it quickly. From the fins actuation demand point of view, Figure 11 shows the fins deflection ı F controlled by each loop due to a noisy thrust deflection step Â pert T . It should be noted that the "Notch" design does not control this actuator. The "Acc" and "Gyro" designs have a transient state where the first bending mode is being damped. The "Strain" design has the disadvantage of having a non-zero static gain, thus a static bend results in a static fins deflection.
Conclusions
An aeroservoelastic model of a slender anti-air missile was developed by discretising continuous EulerBernoulli beam, reducing the model to the first five bending modes because they dominate vibration generation. A small number of additional sensors (strain gauges, gyroscopes and accelerometers) was optimally placed on the missile airframe to maximise the first mode observability. This optimal sensor placement allowed design of three new autopilots for active damping control of the first mode using the missile's middle fins as the actuator. These active damping controllers were optimally tuned using Apkarian's H 1 structured synthesis. Compared to the traditional autopilot design, which uses a bandwidth-limiting notch filter to restrict the influence of the first structural mode, the new autopilots demonstrated effective oscillation damping. This effective damping reduced vibrations whilst produced low actuation demand, thus enabling better missile performance. 
